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ABSTRACT 

We explore all the possible ways of fixing the k symmetry for both 
branes and strings by means of a constant projector. We find that 
they can be classified according to their behaviour under Dirac con- 
jugation and conjugation. This latter controls the maximum power 
of the fermionic variables in which the (super) vielbein can be ex- 
panded while the former determines which states cannot be de- 
scribed in the gauge. In particular there exists an interesting class of 
projectors for which vielbein are at most quadratic in the fermionic 
variables. As an example we compute the action for the type lib on 
a AdS§ (^) S5 background with a lightcone-like projector; this action 
reduces to the usual lightcone GS string action in the flat limit. 
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1 Introduction. 



During the last year there has been a lot of work in finding the action for 
both M2, D3 branes (Q], 0,0]) and the type lib superstring fl§,|§|, @], ||,[||) 
propagating on a AdSp+2 ® Sd- p -2 backgrounds. All the these actions have 
been derived using either the supercoset approach (0) with the the n symmetry 
fixed by the so called killing gauge (|Q|) or the supersolvable algebra approach 
(J?]]) which automatically yields a natural way to fix the k symmetry. It turns 
out that in the cases where the actions have been worked out the two methods 
actually give the same result since the killing gauge and the supersolvable gauge 
fix the k symmetry in the same way. 

It is purpose of this letter to explore all the possible way of fixing the k 
symmerty by a constant projector of the type 

P = i±£ 1* = ! 
2 

and discuss the advantages/disadvantages of every possible class of gauge fixings. 
In order to do this we classify all the possible Ts according to its properties 
under charge conjugation and under Dirac conjugation. It turns out that the 
latter property is connected with the equation which describes the string states 
which cannot be described while the former controls the maximum power of the 
fermionic variables in the K gauge fixed expression for the supervielbein (either 
2 or 16). 

In the case of type lib superstring propagating on a AdS& Sg we deter- 
mine explicitly the equation for physical states which can be described by the 
projectors which have two as the maximum power in the fermionic variables 
expansion for the (super) potentials and we argue that a similar result is valid 
for all the other cases.. Because of the similarity with the flat case, to which it 
reduces in the infinite radius limit, we construct the action in the gauge given 
by the choice T = 7073. 

2 Classifications of the constant projectors. 

As the first step we want to classify all the possible constant projectors according 
to two properties which will turn out to be very important in determining the 
form of the k gauge fixed fields and which physical states which can be descrided. 

Here an in the following we assume that S are the fermionic coordinates of 
the AdSp+2 <8> Sd-p-2 superspace which transform as spinor only under AdS p +2 
tangent frame rotations and as a scalar for Sd- p -2 rotations: this is typical 
of the Kaluza-Klein way of decomposing the superfields and it is different from 
the supercoset framework where the fermionic coordinates transform as spinor 
for both AdSp+2 and Sd- p -2- Since the two approaches have to be equivalent 
all the results in this letter can be in principle reformulated in the supercoset 
approach. 
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We take the projector P on the 2 coordinates which are to be set to zero in 
order to fix the K symmetry to be written as 

p = i±I r 2 = i (2.1) 

and its complement to be Q = i=Efj. One could wonder why this fixes the k 
symmetry. A naive answer is that it throws away half the fermionic dof as it 
should. A better answer can be only given a posteriori when we can verify that 
the fermionic kinetic term is not singular or when we can find an explicit k 
transformation which moves a generic configuration into one which satisfies this 
gauge. 

For a generic projector P we define the following shorthand notations: 

P = 70^70 

P c = ciFfc- 1 

where C, the charge conjugation matrix, and the 7s are the proper matrices for 
the given spacetime, i.e. they are the AdS 7 and C matrices. We define similar 
shorthand for the Q projector. 

We can now introduce the classification according to the behaviour under 
the Dirac conjugation: 



TypeL : P = P Q = Q (2.2) 
Type S : P = Q Q = P (2.3) 

As we show later in section (J3J) this classification has to do with whether or not 
the left invariant forms obtained from a specific coset elements rapresentation 
are quadratic in the fermionic variables (S) or up to the sixteenth power (L). 

We also divide the projectors according to their behaviour under charge 
conjugation: 

Type I: P c = P Q C = Q (2.4) 
Type II: P e = Q Qc = P (2.5) 

This subdivision, as we will see in section (Q), has to do with which physical 
states can be described by the gauge enforced by the projector P. This will 
be explicitly proved in the case of the string propagating on AdS§ (^) S5 but we 
believe it is true for all the cases. 

Using the conventions of app. [a] we can now make a series of tables with 
all the possible T defining the projectors up to Lorentz rotations in the world 
volume of the Dp brane or in its transverse space when we think to AdS p +2 <8> 
So-p-2 as the near horizon geometry: 

2 In 10D the matrix T has to satisfy another requirement: [r, Tu] = since the fermionic 
space time coordinates are chiral. 
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• AdSs <8> S3 case: 





I 


II 


s 


«72 , ill 




L 




7o 



where the case T = i"/ 2 corresponds to the supersolvable algebra; 
• AdS^ S5 case: 





I 


II 


s 


7o 73 , 7o74 


«73 , «74 


L 


7o 


»7273 , «7374 



We notice that the choice T = 274 corresponds to the supersolvable gauge; 
• Flat 10D case: 





I 


11 


s 


r r 9 


ir rir 2 r 3 


L 




«r 8 r 9 



Similar considerations can be easily done for branes and membranes. 

3 Short and Long left invariant forms expansion. 

We now want to discuss explicitly the meaning of the S and L projectors. To this 
purpose we write down an explicit representation for the coset elements from 
which a nice expressions for the fermionic dependency of left invariant forms 
can be derived. In particular we take as a representative for coset elements the 
following expression (||]) 

L(x,E) = L F (E)L B {x) (3.1) 

where 

L,p — CXp I rp^\/3M I ex P I (Q~)/3M I \ 6 - Z ) 

where a, (3 are AdS spinorial indeces which label the rows of the upper right 
block and N, M are column indeces on which the R symmetry acts. 

We notice that even before fixing the k symmetry there is a big difference 
between the projectors S and L, in fact type S projectors yield an expression 
for Lp quartic in S when explicitly evaluated: 

G ( (l + iP5*SHQ);f (PE) aN \( (l + iQS«S«P)f m) aN ) 

{ m? M 1 ) \ (ep^ m 1 ) 

(3.3) 
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The same kind of computation gives a very different result for the type L pro- 
jectors since the equivalent of eq. ([TJ) would read 

r< ( (P^)aN \ / (Q^)aN \ ,„ ... 

G F = exp I (^py M j exp I ^q^m J (3-4) 

which is a product of two 0(E 16 ) (in the case of maximal supersymmetry) 
matrices. Because of this complexity we will not consider anymore the projectors 
of type L. 

These properties imply directly the maximum power of the fermionic coordi- 
nates in the supervielbeins expansion through the formula L~ 1 dL — supervielbein+ 
spin — connection; in particular it is immediate to verify using the k gauge fixed 



vesion of eq. (3.3), i.e. setting PS = 0, that the K gauge fixed supervielbeins 



obtained using S projectors are at most quadratic in the fermionic coordinates. 



4 The equation for the states which can be de- 
scribed by the k gauge fixed action. 

In this section we concentrate on the consequences of choosing either a type I or a 
type II projector in the specific case of type IIB superstring on AdS& (^) S$. The 
same conclusions can essentially be reached in the flat superstring case because 



the gravitino transformation rule under k symmetry is essentially eq. ( [4.3[ ) 
without the second rhs term which corresponds to the internal S5 contribution. 
Moreover we believe that similar conclusions can be drawn for the other cases 
because while the gravitino transformation rules have additional terms in the 



k symmetry expression (4J3) the essential term is given by the first term in rhs 
which is common to all the cases. 

We start writing the first order action for the GS superstring propagating 
on AdSz, S5 in order to fix the notations which we keep almost as in (|)|): 

+le*u (V+ * A) - \e~^u (V- * A) (4.1) 

where e— (a, (3, ... € {0, 1} worldsheet flat indeces) are the worldsheet zweibein, 
11° (a, b, . . . € {0, . . . 9} flat spacetime indeces) are auxiliary 0-forms related by 
the equations of motion to V a , the ten dimensional zehnbein, by i*V a = U^e— 
where i* is the pullback on the string worldsheet S due to the superimmersion 
i : E -> AdS 5 ®S 5 . Morevover we have V± * A = e a pV±AP (a,/3 G {0,1} 
SU {1,1) fundamental irrep indeces) with V± the SU (1,1) scalars and A a the 
complex 2-forms; finally 4> is an arbitraty angle we can reabsorb redefining the 
complex fields A a . 

The zweibein equation of motion gives the Virasoro constraints: 

ss 1 

— = =>■ u a • ii^ = -^n 2 (4.2) 

oe — — 2 — 
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This action has a k symmetry which is generated by the action of the Lie 
derivative with respect to a vector field ~t which is defined by the properties 

i-?ipN = e JV = n° la n% - iR % a Jilx k~ (4.3) 



N _ -id> T NP 



* L NP K P p (4.4) 



ze 

with Ji\*j and L NP some functions on the 5-sphere S5 (they are properly defined 
in app.(|B|) where some of their useful properties are given). 

We want now understand the relation between this vec tor field ~e* and the 
associated variations 5 k Qn, and 5 K x. From eq. (4.3) we see clearly that 

the vector field ~t can be written as 

t = e aN ^ aN i, m (^ Q7V ) = 5pZ (4.5) 
and if we could expand 15 on the usual tangent basis d N — g§—, cW = «zpv 



90JV ' UN ~ 96£ 

and d x — -g- then we could read the desired variations S k On, S k Q^ and 5 K x 



since 

t = S K Q N t + 5 K e? ~§ N + S K x ~§ x (4.6) 

It is not very di fficu lt to convinve oneself that starting from a coset repre- 
sentative as in eq. (|3.l|) we can write 

S K PO aN = Mi Pe 0N + Mi Qe pN + N? + [0(E 2 )] aN (4.7) 

where M is a bosonic invertible matrix. The important point is that now we can 
set Qe to zero and still have an invertible bosonic matrix connecting PeArand 
6 k POn: the fermionic correction does not matter since the bosonic part is 
invertible and hence it can be treated perturbatively. 

In order to discuss the restrictions of the two projector types on the physical 



states which can be described we start noticing that using eq. ( |4.7| ) we can 
trade Pejy for 5 k P&n, i.e. we can check when we can find the k parameters 
( fO| ) which allow to choose the gauge Pejv = and then we can translate im- 
mediately the result to our actual K variation 5 k P@n because Pen and S k PQn 
are connected by a non singular linear transformation. Obviouslly there will be 
some fermionic corrections but these can always be handled because the bosonic 
part is invertible. Hence the configurations where we cannot reach the gauge 
Pew = are the same where we cannot reach the true gauge PQn = 0. Because 
of this we can work with e^ + ' = Pe and then we can reread the results for P0. 



As a first step we use eq. (4.4) into eq. (4.3) to eliminate kni then we write 
down the relation between e' +) , its charge conjugate and the k parameters for 
type I projectors 



$° = Mn Am + ie-**Ai\% L MP \ p + 

+C \ A J Mm + *e-*Ci|# L M p (4.8) 
ie-*L W pc£W = Ai\% \M + ie- i *Ao\ N r L MP X P 

+Ci|# mm + ie-**C \% L M p (i P (4.9) 
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and for type II projectors 

£ 7V ^ = I jv Am + i e 1< ^Ci\n ^MP Af + 

+Co|# MM + ie-^^iljSf Lmp /if (4.10) 

+-A x |£f Mm + ie-^Co|?f L M p /if (4.11) 

where we have defined fJ*M = Pk-mo , Am = Qk-mo and ^4, C by means of the 
relations 

QA = AP, PA = AQ=^AJ i % = W^ r 8% 

M n« iM • tt* TilM 



QC = CQ, PC = CP=>C a \ A N = K In 6% - i Il l a J 



\N 



where r runs on a proper subset R of the spacetime index set {0, 1, 2, 3, 4} and 
u on its complement {0, l,2,3,4}\i?; both sets depend on the the explicit form 
chosen for the matrix T entering the definition of the projector ( |2.l| ), for example 

T = 7073 R = {0, 3} 

We can now make the following linearly independent combinations for type I 
projectors: 



± ie~^L NP ef « = A±\% [Am ± ie^L MP Af] + 

+C±|# [nM±ie- i *L M p /xf] (4.12) 

and for type II projectors: 

e ( + } ± ie-^Ljvp (-) = (A ± Ci) |# [\ M ± ie-*+L MP Af ] + 

± {Ai ± C ) |# [mm ± k-'^mp /if] (4.13) 

Let us now discuss type I projectors only for brevity. We notice that the 



two equations in eq. ( |4.12| ) are linearly independent also with respect to the 
charge conjugation operation under which each equation transforms in itsself, 
hence we can solve each of them independently of the other. As a first step 



we could try to solve the equations ( 4.12 ) for either [Am ± ie ^-^MpAf] or 



[^m ± ie 1 ^Lmp^c]- We find that in both cases the necessary condition for 
the non singularity of the matrices (A±) and (C±) is that 

n^n ±r = -niiL ±u - ir ± n ±i ? o (4.14) 



where the equality is a consequence of the Virasoro constraints eq. (4.2). One 



could wonder whether this is a sufficient condition for the solvability of eq.s 



( fL12[ ) , the answer is yes since would the sum of the images of the two matrices 
(A±) and (C±) be the whole space spanned by £ then it should be possible to 
find a number a such that (A± + aC± ) is always invertible but it is easy to 
verify that the determinant of the previous combination is proportional to eq. 
too. 
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We conclude therefore that states which do not satisfy eq. (4.14) cannot be 
described in this gauge. 

A similar argument for type II projectors gives as in (||) 



n;n Tr 



ir u a n au + rr CT n„ ^ o 



(4.15) 



5 The lightcone GS action for the type lib su- 
perstring on AdS^ x S 5 . 

We want now to take the procjetor on the fermionic coordinate to be discarded 
to be 

in such a way that we parametrize the n gauge fixed (super) coset representative 
as 



L = cxp y - N 
where we have defined 



7/V 



exp 



• i+ir 



7 P a 



4 



exp 



i\p 



N 



I 9lN \ 




\ &2N ) 

and p, x p {jp = . . . 3) are the AdSs horospherical coordinates. 
Starting from the usual formula for the coset geometry 



L~ x dL 



; l±tL 



-N 



V * o 4 j 

a tedious computation gives the AdS$/± potentials as 
E 4 = dp 

E v = e p dx v u = l,2,+ 
i 



+ spin — connection 



E~ = e p dx 



-e^'do 



^ N = e-^ p M~ l dO N M = 1 



+ i 



1 + i-f 4 



-l P x p 



in such a way that the fields entering the string action (4.1) can be written with 
the general formula of (|1) in an explicit way as 



*JV> 



d0Nn 



= -M r jt*Mtf?Ti M = 2e p x + de 1 [N de 2 M] rjfr 1 M 



A- = -A* 
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where rj (N — 1 ... 4) are the 4 S5 c- number killing spinors (||10[) 



v N = 



1 



with are constant 5D-spinors which satisfy the normalizarion condition ^ N £ M = 
5n and t % are the corresponding 5D 7 matrices and z l are the S 5 projective 
coordinates . 

In this way we can write the action in second order formalism as 



d 2 H 



£2 



-99 af3 l {d a P dpP - e 2p [d^dpx 1 + d a x 2 dpx 2 ] 



+2e 2p d a x A 



tNr, 



dp On 

P -i<t> 



4& 



d a z l dpz^ 
' (1 - z 2 ) 2 



—ePx+dOlndfi^r," - —< , 



ePx+dd* [N dd*o M] Tj N r] C M (5.1) 



This action can be wriite in a more compact way if we introduce the 10D 32 
components Majorana spinor defined by 



e 



and the coordinates 



e iii±n±e N ® 

- e -itl=rng N 



y 
y* 




(5.2) 



.1 



1-z 2 
2z l 



1 



(5.3) 



so that we get 



-y 2 [d^dpx 1 + d a x 2 d p x 2 ] + 2y 2 d a x+ [dpx~ + f OT^e] } 
+x+y t d&T + T t d<d 

where t = 4, 5, . . . 9is the transverse coordinates label as in (§|). 

This is not the end of the story since after the k symmetry gauge fixing 
there should be 16 real fermionic d.o.f. while 6 has 32 real components: it 
is infact easy to verify that the spinor 6 (5.2) satisfies ^r~r + = 6. We 
can therefore change the T matrices representation to the usual lightcone basis 
in such a way that we can write the explicit form for the previous projector 

ii6 A 

and then we can introduce a 8D spinor £ so that 



2 L 1 







16 



e = 



C 

Oie 



It is finally possible to take the flat limit rescaling x p 



ex p , p 



ep,z° 



ez l , — ■> y^O and letting e — ► 0; we find that the previous action nicely reduces 
to the usual 10D flat lightcone action. 
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6 Conclusions. 



In this letter we have classified the possible costant projector for the fixing of 
k symmetry according to their behavior under Dirac conjugation and under 
charge conjugation and we have discussed the role of the different classes. It 
turns out that there is a preferred class, the S class (jO|), which always yields 
(super)vielbeins quadratic in the fermionic coordinates. 



On the other hand the behaviour under charge conjugation ( 2,4 2.5 ) is con- 



nected to the costrain t the phy sical states which can be described by the pro- 



jector have to satisfy ( |4 . 1 4|j4 . 1 5| ) . 

Using this knowledege we have then chosen the "simplest" gauge[], the one 
which corresponds to the lightcone in the flat limit, and we have constructed the 
GS action for the type IIB superstring on AdS$ x S5 in this gauge. It turns nicely 
out that this action reduces to the usual GS action for the type IIB superstring 
in the flat limit. While the equations of motion cannot be solved exactly there is 
nevertheless hope that we can make use of this to start an effective large radius 
expansion as proposed in (|]l2|). 

A AdS 5 <S> S 5 conventions. 

• Flat indices: a, b, . . . £ {0, . . . , 9}; a, b, . . . <E {0, 1, 2, 3,4}, i,j, . . . G {5, . . . , 9}; 

p, ? ,...e{0,i,2,3} 1 t,u,«,...e{4,... ) 9};a,^...e{0,i} 

• Flat metrics: ry^ = diag(+l, —1, ... — 1), ij a b = diag(+l, — 1, — 1, — 1, —1) 
, riy = diag(-l,-l, -1, -1,-1); r) a p = diag(+l,-l) 

• Epsilons: e ...9 = eo...4 = £5. ..9 = 1; eoi = 1 

— T 

• Charge conjugate spinors: O c = CO 

• 1+9D gamma matrices 

L a' b' 'ab 

Tn = To . . . Tg = 

Tl = -C- 1 T~C C T = -C = C- 1 



lie 

-lie 



1+4D (AdS$) gamma matrices 

{7a, lb] = 2r/ ab 

7o7i727374 = I4 

7 J = 7a C C T = -C C f = C- 1 

Moreover we use the following (1+4)D 7 explicit representation 
3 As a matter of facts there is another gauge fixing with the same simplicity and it is given 

_.0_,4 



by P 



1+7 U 7" 
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with p, q, . . . = . . . 3, a p = {1 2 , -<J\, -<r 2 , -0-3} and ct p = {1 2 , <7i, ct 2 , ct 3 } 

• 0+5D (S5) gamma matrices 

{Ti,Tj} = 2Vij 
T5T6T7T8T9 = i 1 2 
rf = +CT 1 Tj C C 5 = C 

• 1+9D gamma expressed through AdSs 7" and S5 t % gammas 

V s = {~/ a (g> U ® a! , l 4 ®r*® (-o- 2 )} 
C = C <g> C 5 <g> cr 2 

Moreover we use the following (1+4)D 7 explicit representation 



o-p \ . , _ ( i I2 \ ^ _ ( i&2 



V ct p / V -*i2 / V 1(72 

with p, g, . . . = . . . 3, a p = {1 2 , -ai, -<j 2 , -03} and a p = {1 2 , <7i, <t 2 , ct 3 } 

• 0+5D (55) gamma matrices 

{n,Tj} = 2r)ij 

T5TdT7T 8 T 9 = i 1 2 

rj = +C- 1 nC C b = C 

• 1+9D gamma expressed through AdS§ 7° and S5 t % gammas 

r° = {7° <g> 1 4 (E» cri , 1 4 Or* <g> (-cr 2 )} 
C = C (8) C 5 <g> cr 2 

B Spinorial currents and useful Fierz identities. 

We define the following useful quantities 

(B.l) 
(B.2) 
(B.3) 
(B.4) 
(B.5) 





= V N r*V M - 


_ ~M i 

- Vc T VcN 


ji\MN 


= 


_ ji^NM 


J 1 \mn 


= Vmt'VcN 


= —J 1 \nm 




= t'v N = 




Lmn 


= VmVcN = 


—Lnm 
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where 77 are the 4 S5 c-number killing spinors (N = 1 ... 4) defined by 



D 



SO(5)V 



1 



= I d- —ZU" J Tij ) 77 



N 



In proving that the action (4.1) is invariant under the k symmetry variations 
given by eq.s (4.3) it is important to use the following Fierz identities: 



J*\%L NP 

T MN t 



L MP ji,N 



J 



iiMN 



= s 



M 



J j \$ + J j \% rip 7 = 2^ sp 1 



(B.6) 
(B.7) 
(B.8) 



The derivation of these Fierz identities is based on the fact that r] N are a basis 
of the vector space on which the spinor irrep acts, i.e. tJ n t -q N oc ir(r) . 
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